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Least-Square Deconvolution: A Framework for
Interpreting Short Tandem Repeat Mixtures�

ABSTRACT: Interpreting mixture short tandem repeat DNA data is often a laborious process, involving trying different genotype combinations
mixed at assumed DNA mass proportions, and assessing whether the resultant is supported well by the relative peak-height information of the
mixture sample. If a clear pattern of major–minor alleles is apparent, it is feasible to identify the major alleles of each locus and form a composite
genotype profile for the major contributor. When alleles are shared between the two contributors, and/or heterozygous peak imbalance is present, it
becomes complex and difficult to deduce the profile of the minor contributor. The manual trial and error procedures performed by an analyst in the
attempt to resolve mixture samples have been formalized in the least-square deconvolution (LSD) framework reported here for two-person mix-
tures, with the allele peak height (or area) information as its only input. LSD operates on the peak-data information of each locus separately,
independent of all other loci, and finds the best-fit DNA mass proportions and calculates error residual for each possible genotype combination.
The LSD mathematical result for all loci is then to be reviewed by a DNA analyst, who will apply a set of heuristic interpretation guidelines in an
attempt to form a composite DNA profile for each of the two contributors. Both simulated and forensic peak-height data were used to support this
approach. A set of heuristic guidelines is to be used in forming a composite profile for each of the mixture contributors in analyzing the math-
ematical results of LSD. The heuristic rules involve the checking of consistency of the best-fit mass proportion ratios for the top-ranked genotype
combination case among all four- and three-allele loci, and involve assessing the degree of fit of the top-ranked case relative to the fit of the
second-ranked case. A different set of guidelines is used in reviewing and analyzing the LSD mathematical results for two-allele loci. Resolution
of two-allele loci is performed with less confidence than for four- and three-allele loci. This paper gives a detailed description of the theory of the
LSD methodology, discusses its limitations, and the heuristic guidelines in analyzing the LSD mathematical results. A 13-loci sample case study is
included. The use of the interpretation guidelines in forming composite profiles for each of the two contributors is illustrated. Application of LSD
in this case produced correct resolutions at all loci. Information on obtaining access to the LSD software is also given in the paper.
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For a variety of crimes, DNA analysis of the body fluids or
other trace evidence left behind by either the perpetrator, or the
perpetrator mixed with that of the victim or both, turns out to be
the most effective in providing a clue to the solution of the crime.
Often, resolution of a mixture sample is complicated by a lack of a
clear major–minor peak pattern, allele degradation at selected
loci, imbalanced heterozygote peak amplification, or variation of
DNA mass proportions in the mixture from locus to locus. Earlier
effort in mixture resolution was based on calculating the likeli-
hood ratios of the various genotype combinations of alleles at each
locus and drawing conclusions based on the comparisons of var-
ious likelihood ratios (1–3). Quantitative peak information, such
as peak height or area, is often available from DNA sequencing
instrumentation that is used to read and analyze a DNA electro-
pherogram. Such data have triggered the development of heuristic
methods as well as computer software in an attempt to resolve
short tandem repeat (STR) mixtures. The group at Forensic Sci-
ence Services (FSS) and their colleagues has published a series
of articles reporting on interpretation of STR mixtures based
on quantitative allele peak data guided by a series of logical steps

(4–7). Clayton et al. (7) advocated a series of six logical steps for a
DNA analyst to follow in interpreting mixture STR profiles. These
steps are well laid out and are based on observations and experi-
ences obtained from laboratory experiments and casework.
Recently, three computer software programs for STR mixture
resolution have been reported. Perlin and Szabady (8) presented
the linear mixture analysis method (LMA) showing the applica-
tion of LMA to several forensic mixture scenarios, depending on
whether the genotype of one, both, or either contributor to the
mixture is known. Mortera et al. (9) presented a probabilistic ex-
pert system in conjunction with quantitative peak data to resolve
DNA mixture. More recently, FSS reported on the availability of
PENDULUM (marketed as i-Stream, part of the i3 package by the
FSS of U.K.)—a guideline-based approach to the interpretation of
STR mixtures, to the forensic community (10), which is based on
the steps advocated in Clayton et al. (7) in interpreting mixture
profiles. Availability of computer software to carry out systematic
mathematical analysis using quantitative peak data is expected to
reduce greatly the time required for mixture analysis, improve the
consistency among mixture interpretations, and to yield less con-
servative mixture resolution results.

We report here an interpretation framework guided by the least-
square analysis results of the quantitative peak data of either peak
area or peak height. In this paper, we use the term ‘‘peak height’’
to refer to the quantitative peak data. Peak area can also be used
with this approach. Consistency in using either height or area in
interpreting a mixture sample is recommended. This framework is
referred to as the ‘‘Least-square Deconvolution (LSD).’’ Reference
(11) contains an earlier presentation of this work. LSD differs
from the other quantitative interpretation approaches reported
earlier, such as the LMA and PENDULUM in the mathematical
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formulation of the least-square problems, and in the heuristic
guidelines used in forming the most compatible genotype for the
individual contributors of the mixture.

In this paper, the LSD mathematical theory, methodology, as
well as the heuristic guidelines for interpreting the raw LSD
mathematical results are first presented, followed by applying
LSD to a four-, three-, and two-peak locus, respectively. A 13-loci
sample is then used to illustrate the steps of LSD and the appli-
cation of the guidelines in interpreting the raw LSD mathematical
results. This is then followed by a brief discussion of the main
difference between LSD and the other known quantitative meth-
ods. In the context of this paper, the term ‘‘peak height’’ is used to
represent the peak data. In practice, either peak height or area can
be used with the LSD framework. The key is in its consistent use
when applying the LSD framework. Additional examples of LSD
applications to other forensic samples are available in the docu-
ment entitled ‘‘LSD Interpretation Guidelines’’ at https://lsd.lit.
net/helpfiles.

LSD Software Availability

Organizations that wish to find out about accessing, via the web,
our LSD software may check in https://lsd.lit.net for information
(note the ‘‘s’’ in ‘‘https’’).

Requirement for Using LSD

Before LSD can be applied, it is important that DNA analysts
already have made proper allele calls to exclude artifact peaks,
such as stutter and pull-up peaks. At the present time, LSD does
not contain an artificial intelligence element to make decisions on
proper allele calls. It acts on allele peak data fed to it for each
locus and returns the best-fit mass proportions for each possible
genotype combination. It is also important that the quantitative
allele peak data information exhibit no peak saturation (resulting
from overloading of DNA samples onto the DNA sequencing in-
strument). Otherwise, the proportionality between peak height and
mass proportion is compromised, and the resultant least-square fit
would not reflect the appropriate estimation of the true underlying
mass proportions. No known contributor profile needs to be given
to LSD for processing.

An Overview of the LSD Algorithm

The common practice among forensic DNA analysts faced with
a mixture sample of two contributors is to first analyze four-peak
loci to see whether a clear major–minor separation of peaks is
evident. If it is, the relative peak-height ratio can be used to arrive
at approximate DNA mass proportions of the two DNA amount
present in the mixture DNA template before amplification (7).
Using this approximate mass proportion, the three- and two-peak
loci are then examined in an attempt to separate out the genotypes
of the two contributors. During the examination of the three- and
two-peak loci, if the analyst is not using a formal quantitative
procedure, then using the approximate mass proportions derived
from four-allele loci, the analyst would go through a series of trial-
and-error attempts to fit each of the possible genotype combin-
ations for the two contributors to the given relative peak heights
observed for these loci. The mathematical steps in LSD formalize
these trial-and-error procedures at each locus, by using the quan-
titative peak data to find the most compatible genotype combina-
tion and the corresponding best-fit mass proportions. It also gives
measures that can be used to assess the quality of fits.

LSD analyzes and processes peak data of each locus separately
and independently, allowing a different best-fit mass proportion
vector to be developed through least-square optimization for each
locus. For each locus, all possible genotype combinations are first
enumerated and represented by a gene matrix. For each possible
gene matrix, the mass proportion vector that best fits the given
peak data is calculated using the normalized relative peak-height
vector through the least-square optimization method. This step is
then followed by the calculation of the corresponding error re-
sidual for each possible combination. The top-ranked combination
with the smallest residual is regarded to be the genotype combi-
nation best supported by the observed peak data. Analysis pro-
ceeds to the next locus using exactly the same set of procedures as
those for the first locus. After all loci have been processed in this
manner, the mathematical results are reviewed by a DNA analyst,
who would apply a set of heuristic LSD interpretation guidelines
in the analysis of the top-ranked combination cases at all loci for
an assessment of the quality and confidence of resolution at each
locus, and for putting together a composite genotype profile for
each contributor. In particular, the LSD mathematical results for
all two-allele loci must be analyzed by an analyst to select sub-
jectively the most compatible genotype combination, following
the LSD interpretation guidelines. At some loci, due to comprom-
ised peak data, more than one genotype combination resolution is
to be made. If no known contributor profile to the mixture sample
is available, the developed composite profiles are then to be exam-
ined by an analyst to identify and determine the number of loci at
which the LSD-suggested resolution results are judged to be suf-
ficiently reliable, and the identity and number of loci at which
multiple resolution possibilities exist. One can follow-up with
searches in a DNA database, such as Combined DNA Index Sys-
tem (CODIS), for each of the possible resolved composite profiles
to see whether a match is found. One can also compare LSD-
derived composite profiles against the DNA profiles of suspects in
custody for matches.

If a known contributor profile is available, such as that of the
victim in a rape kit mixture sample, it is to be brought in post-LSD
to check, locus by locus, the LSD-suggested resolution results. For
those loci in which one of the contributors’ genotypes consistently
agrees with that of the known contributor, confidence is increased
that the suggested resolution is correct. For loci with more than
one possible resolution, the known contributor profile may help in
the elimination of the incompatible ones. Details of the LSD for-
mulation and solution steps will now be described.

The LSD Method

LSD Mathematical Formulation

Problem Formulation—Two assumptions underlying the LSD
approach are that (1) the multiple alleles within a locus are co-
amplified to roughly the same degree during the polymerase chain
reaction step; and (2) the allele peaks add when the two contribu-
tors to the mixture have a common peak present at a locus (12,13).
Thus, ideally, the allele peak height should be proportional to how
much DNA of each allele is present in the original mixture, and
when an allele is shared between two contributors, the peak
heights add to give the combined height. Therefore, knowing
the relative peak heights of the alleles present at a locus, for a
given postulated possible genotype combination, the most com-
patible mass proportion vector can be arrived at through least-
square’s calculations.
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Throughout this paper, the amount of DNA of each component
present in the mixture is referred to as the ‘‘DNA mass’’ for that
component, which does not refer to the molecular weight of the
DNA component under consideration. The terms ‘‘mass propor-
tion’’ and ‘‘mass proportion ratio’’ then refer to the amount of
DNA of one contributor in proportion to that of the other (unnor-
malized and normalized, respectively). For instance, if the calcu-
lated relative mass proportions are 1.5 and 3.0 for the two
contributors, then it means that relatively speaking one contribu-
tor has 1.5 parts of DNA and the other contributor has 3.0 parts of
DNA in the mixture. If the proportions are normalized against the
smaller proportion (dividing the two proportions against the
smaller one), then the ‘‘mass proportion ratio’’ would be 1:2
(1.5:3.0 ! 1:2).

The first step in LSD is, for each locus, to list all possible gen-
otype combinations of the alleles for the two contributors, and to
represent each combination by a gene matrix, composed of ‘‘0,’’
‘‘1,’’ or ‘‘2’’ as its elements representing the number of copies of
the corresponding allele at that locus. Tables 1–3 list all possible
genotype combination cases for a four-, three-, and a two-allele
locus, along with the associated gene matrix. The columns of the
gene matrix represent the allele presence pattern of the two con-
tributors. For instance, at a three-allele locus, if person 1 has al-
leles, ‘‘A,’’ and ‘‘B,’’ and person 2 is homozygous in ‘‘C,’’ then the
corresponding gene matrix is

A ¼
1 0

1 0

0 2

2
64

3
75

where the first column of A indicates that person 1 has one copy of
each of alleles A and B, and none of C, whereas person 2 (column
2) has two copies of C only. Let the x vector designate the mass

proportion of the two contributors’ DNA in the mixture. When
mixed in these proportions, the resulting peak height for this ex-
ample should have a relative ratio of x1:x1:2x2, as shown below

1 0

1 0

0 2

2
64

3
75 x1

x2

� �
¼

x1

x1

2x2

2
64

3
75 /

peak1

peak2

peak3

2
64

3
75 ð1Þ

or in symbolic representation

Ax ¼ b ð2Þ

where A denotes the gene matrix,

1 0

1 0

0 2

2
64

3
75for instance, x the mass

proportion vector, and b the relative allele peak-height vector. At
each locus, depending on the measured allele peak-height data,
and the underlying relative mass proportion, only one of the pos-
sible genotype combinations, when combined at the optimum
mass proportion, should yield a peak-height vector that comes
close to the given peak-height measurement vector.

TABLE 1—Three possible genotype combination cases for a four-allele
locus.�

Case

Genotype Combination

Matrix (A)
Pseudoinverse of
the Matrix (A1)Person 1 Person 2

1 A, B C, D
1 0

1 0

0 1

0 1

2
6664

3
7775

1

2

1 1 0 0

0 0 1 1

� �

2 A, C B, D
1 0

0 1

1 0

0 1

2
6664

3
7775

1

2

1 0 1 0

0 1 0 1

� �

3 A, D B, C
1 0

0 1

0 1

1 0

2
6664

3
7775

1

2

1 0 0 1

0 1 1 0

� �

�A B C D denote the names of the four alleles. Matrix A denotes the gen-
otype combination matrix, where a 1 indicates the presence, and 0 indicates the
absence of the allele it represents. A1 denotes the pseudoinverse of A, and is
used to calculate directly the least-squares solution of the best-fit DNA mass
proportion coefficients.

TABLE 2—Six possible genotype combination cases for a three-allele locus.�

Case

Genotype Combination

Matrix (A)
Pseudoinverse of
the Matrix (A1)Person 1 Person 2

1 A, A B, C
2 0

0 1

0 1

2
64

3
75

1

2

1 0 0

0 1 1

� �

2 B, B A, C
0 1

2 0

0 1

2
64

3
75

1

2

0 1 0

1 0 1

� �

3 C, C A, B
0 1

0 1

2 0

2
64

3
75

1

2

0 0 1

1 1 0

� �

4 A, B B, C
1 0

1 1

0 1

2
64

3
75

1

3

2 1 �1

�1 1 2

� �

5 A, B A, C
1 1

1 0

0 1

2
64

3
75

1

3

1 2 �1

1 �1 2

� �

6 A, C B, C
1 0

0 1

1 1

2
64

3
75

1

3

2 �1 1

�1 2 1

� �

�A B C denote the names of the three alleles. Matrix A denotes the genotype
combination matrix, where a 1 indicates the presence, and 0 indicates the ab-
sence of the allele it represents. A1 denotes the pseudoinverse of A, and is used
to calculate directly the least-squares solution of the best-fit DNA mass pro-
portion coefficients.
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LSD Mathematical Solution—The least-square problem to be
solved is the following. At each locus, the relative peak-height
vector is known and the gene matrix for each possible genotype
combinations is also known, corresponding to knowing the matrix,
A, and the vector, b, in Eq. (2). The best-fit mass proportion vec-
tor, x, can be computed directly by using the pseudoinverse of the
A matrix (14–16), and thus bypass any iterative search for the
optimum x. The pseudoinverse approach is shown in the following
equation:

xls ¼ Aþb ð3Þ

where xls denotes the least-square solution for x, and A1 denotes
the pseudoinverse of the A matrix. The pseudoinverse of a matrix
always exists for any type of matrix A of any dimension regardless
of whether their columns or rows are all independent of each
other. When the columns (rows) of A are all independent, the
pseudoinverse is the left (the right) inverse of A. In this case, the
product of AþA ðAAþÞ gives an identity matrix, of size equal to
the minimum of (m, n) where (m, n) denote the number of rows
and columns of A, respectively. The most reliable way of calcu-
lating the pseudoinverse of a matrix is by using the singular value
decomposition (SVD) of A (14–16). However, for our application
purposes, the relevant A matrices all have small dimensions, with
the largest dimension being 4 � 2 (four alleles and two people),
and the pseudoinverse of these matrices can be computed using
matrix computation software such as Matlabs (The Mathworks,
Natick, MA) and stored in a look-up table of the LSD software for
use. They can also be hard coded into any software implementing
the LSD algorithm. For reference, pseudoinverse matrices of the
various gene matrices are also included in Tables 1–3.

Calculation of the Mass Proportion Ratio—The xls vector from
the least-square solution contains the two relative mass proportion
values that best fit the given allele peak height for the genotype
combination matrix, A, under consideration. The mass proportion

ratio is calculated by dividing the larger-valued mass proportion
element by the smaller-valued mass proportion element.

Assessment of the Least-Square Fit—Calculation of the Error
Residuals—In order to assess how well the best-fit genotype com-
bination fits the observed allele peak data, the residual represent-
ing the associated fitting error between the predicted b peak
vector, calculated from A � xls and the given b peak-height vec-
tor, is calculated, The error residual is calculated as the square of
the Euclidian length of the error vector, and can be treated as a
measure of the lack of fit of the measured allele peak data by the
proposed genotype combination case mixed at the best-fit mass
proportions. The smaller the error, the better the fit.

Similarly, for each of the other possible gene matrices for this
locus, the associated error residual is to be computed from its re-
spective least-square solution. After the least-square fitting error
residuals are calculated for all the possible genotype combinations
for this locus, the error residuals are sorted from the smallest to the
largest. The corresponding genotype combination cases are thus
ranked according to their associated fitting error residuals, from
the smallest to the largest. The genotype combination case with
the smallest fitting error residual is the one best supported by the
given peak data. The farther apart the fitting errors of the top two-
ranked cases, the more confident it is in concluding that the top-
ranked genotype combination is the most supported genotype for
the contributors conditioned on the observed peak-height data for
that locus. Notice that this is not the same as saying that the in-
dividuals with the genotypes as indicated by the top-ranked gen-
otype combination are the most probable contributors to the
mixture at this locus. The residual should in no way be directly
connected to probability considerations. It merely gives an indi-
cation of how supported the indicated genotype combination is,
given that the peaks are observed to have the measured relative
peak heights. It is not to be interpreted as a measure of the
probability that the corresponding genotype combination is the
correct one.

Work now proceeds to the next locus. Exactly the same series
of steps are performed for peak data at locus 2 until all loci have
been processed. The next major step is to analyze the LSD math-
ematical results for all loci as a whole and attempt to form a
composite genotype resolution profile for each of the two con-
tributors. This is done by using a set of interpretation guidelines,
followed by comparing LSD suggested results with that of a
known contributor profile if one is available.

Computer Implementation of the LSD Mathematics

Software has been developed to implement the mathematical
steps of LSD. The computational modules of the LSD software are
implemented using the C11 language. Access to LSD is through
the Internet, via secure connections (https://lsd.lit.net; a user ac-
count is required). The software is executed as back-end processes
to a secure Apache web server (http://www.apache.org/), and uses
a MySQL (http://www.mysql.com/) database engine to store pro-
file data and results. The software runs on two mirrored Linux
servers, which are protected by a firewall from Internet threats,
and all traffic to and from the servers, except for the web pages
that provide an introduction and overview of LSD, is encrypted.
User authentication is by password, and security mechanisms are
used to ensure that each user’s Internet traffic originates from a
known organization. LSD results shown in this paper are obtained
from the version of LSD software that is currently described at
the www.lit.net website and accessed via https://lsd.lit.net (a user
account is required).

TABLE 3—Four possible genotype combination cases for a two-allele locus.�

Case

Genotype Combination

Matrix (A)
Pseudoinverse of
the Matrix (A1)Person 1 Person 2

1 A, A B, B
2 0

0 2

� �
1

2

1 0

0 1

� �

2 A, B A, A
1 2

1 0

� �
1

2

0 2

1 �1

� �

3 A, B B, B
1 0

1 2

� �
1

2

2 0

�1 1

� �

4 A, B A, B
1 1

1 1

� �
1

4

1 1

1 1

� �

�A B denotes the names of the two alleles. Matrix A denotes the genotype
combination matrix, where a 1 indicates the presence, and 0 indicates the ab-
sence of the allele it represents. A1 denotes the pseudoinverse of A, and is used
to calculate directly the least-squares solution of the best-fit DNA mass pro-
portion coefficients.
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Overview of LSD Mathematical Result Interpretation Guidelines

Two heuristic criteria are used in forming the most compatible
LSD-guided composite profiles for the two contributors. One is
consistent mass proportion ratio for the chosen genotype combi-
nation for all loci, and the second is the relative small error re-
sidual for the chosen combination. The top-ranked combination at
each locus, by default, is nominally the most compatible genotype
combination, given the observed relative allele peak height. How-
ever, the second-ranked combination (sometimes the third ranked
also) cannot be ruled out if it fits comparably and has a mass
proportion ratio consistent with those calculated for the other loci.
In this case, two combinations for this locus need to be retained as
supported and one may be eliminated only after comparing with
the known genotype if one is available. These two criteria apply to
all four- and three-allele loci.

When interpreting LSD mathematical results for two-allele loci,
a different set of heuristic guidelines is to be used. Because three
of the four two-allele gene matrices (see Table 3) are square and
have independent rows (and columns), there are two independent
equations with two unknowns. An exact mass proportion vector
solution exists, resulting in no fitting error. However, this does not
mean that one of these three genotype combinations is necessarily
the correct resolution. The fourth genotype combination is for the
two contributors to be both heterozygous with alleles AB and AB.
The associated gene matrix is square but only one of the two rows
is independent, indicating that there are two unknowns but only
one independent equation to bind them. The least-square solution
for this particular matrix would always be [1 1]’ mathematically,
implying equal mass proportion in the mixture, which may not be
the case at all. This is a limitation of the mathematics of least-
square solution for square matrices when the matrix does not have
fully independent rows. A clue to which genotype combination is
most applicable can be obtained by examining the relative peak
heights of the two given peaks. If both contributors are heterozy-
gous with alleles [AB], then no matter what the mass proportions
are, the peak height for A and B should always be comparable,
because there is equal amount present for A and B DNA in the
mix. A guideline for judging whether peak heights are comparable
for heterozygous alleles may be the 60% rule (12,17). Owing to
different allele size, degree of possible degradation, and primer
binding site mutation, two heterozygous alleles are usually not
amplified equally (7,13,17,18). Clayton et al. (7) and Bill et al.
(10), suggested 60–167% (inverse of 60%) to be the acceptable
region. This heterozygote balance threshold can be chosen by the
user based on the user’s laboratory experience for the polymerase
chain reaction amplification step. The LSD interpretation
guidelines adopt this range from (10) as a fuzzy boundary
range to assess whether the two peak heights are considered
comparable. If they are, then the genotype combination of [AB]
and [AB] cannot be ruled out based on the given allele peak data.
If the two peak heights are not comparable, then one of the
other genotype combinations with a mass proportion ratio con-
sistent with that for other loci should be chosen to be the most
compatible one.

The LSD Framework

The main steps of the LSD framework are presented below.
Note that steps 4–6 and 11 describe the calculation of error and
residual values and the role they play in the ranking of the possible
genotype combinations at each locus. As a reminder, please note
that the term ‘‘DNA mass proportion’’ refers to the estimated

relative amount of DNA present in the mixture after amplification
from one contributor with respect to the amount of DNA from the
other contributor. The values for the two mass proportions come
from the least-square solution (Eq. [3]).

Summary Steps of LSD

The steps of the LSD framework are summarized as follows:

1. Take the first locus. Normalize (divide) the allele peak heights
to the smallest peak height, and put the normalized heights in a
column vector.

2. Take each possible genotype combination for this locus, and
compute the best-fit mass proportion vector using Eq. (3).

3. Calculate the fitting error vector for each possible combina-
tion.

4. Calculate the error residual (sum of the squares of the
entries of the error vector from step 3) for each possible com-
bination.

5. Rank the possible genotype combinations according to their
residuals, from the smallest to the largest.

6. Calculate the ratio of the error residual of each possible com-
bination case to the residual of the top-ranked combination
case.

7. Calculate the mass proportion ratio of each genotype combi-
nation case by dividing the larger mass proportion element by
the smaller mass proportion element of the mass proportion
vector from step 2.

8. Take the next locus and apply steps 1–7. Continue until all loci
have been processed.

9. A DNA analyst applies a set of heuristic interpretation guide-
lines, briefly described in the remaining steps, to the LSD
mathematical results in an attempt to form a composite reso-
lution profile for each contributor.

The heuristic interpretation guidelines are as follows:

10. Review the LSD rankings of the possible genotype combin-
ations at all four- and three-allele loci first to assess the
consistency in the mass proportion ratio of the top-ranked
genotype combination case, and to assess the degree of fit
by the second-ranked combination case compared with the
top-ranked case. By default, the top-ranked genotype combi-
nation case is the most supported one for that locus,
conditioned on the given allele peak data. Flag those loci
with inconsistent mass proportion ratio for further examin-
ation. For each locus, retain the second-ranked combina-
tion case as a supported resolution candidate also, if its
residual is close to that of the top-ranked case. If by chance,
the third or higher ranked combination case also has com-
parable residual as that of the top ranked, then they are also
retained.

11. Review the LSD results of two-allele loci next. For each
locus, calculate the ratio of the two original peak heights. If it
falls in the range of 0.6–1.67, then combination case 4 is a
candidate for resolution supported by the peak data. Then,
examine the best-fit mass proportion ratio for the first three
genotype combination cases of each locus to decide, subject-
ively, whether one of these is ‘‘close’’ to those for four- and
three-allele loci. If one is, then it is also a supported reso-
lution candidate for the two contributors of this locus condi-
tioned on the peak data.
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12. Compile the analysis from steps 10 and 11 and form a com-
posite individual profile for each of the two contributors. Flag
those loci for which resolution is not confident.

13. If a known contributor profile is available, bring it in to com-
pare against the profiles formed in step 12. Flag those loci
where results do not agree with the known contributor’s pro-
file. Delete these loci from the final resolution results.

Examples of applying the LSD framework to four-, three-, and
two-allele loci (the mathematical results and their interpretations)
are given in Appendix A. Note especially the guidelines in inter-
preting the LSD mathematical results of two-allele loci.

Heuristic Guidelines for Forming Tentative Composite Profiles
for the Two Contributors

The entire LSD interpretation framework encompasses not only
the mathematical methodology to compute the least-square solu-
tion for each possible genotype combination at each locus but also
the follow-up interpretation of the LSD computational results,
using the guidelines described here.

Reviewing LSD Mathematical Results for all Four- and Three-
Allele Loci First—The LSD mathematical results for all four- and
three-allele loci are examined first to analyze the top-ranked gen-
otype combinations and the associated information. The mass
proportion ratios for the top-ranked combination for these loci are
examined for consistency. The measure for consistency is to be
judged subjectively by the analyst. Inconsistent mass proportion
ratio across loci usually arise from unequal DNA amplification
due to a variety of reasons such as a marked difference in the size
of the two alleles (7), mutation in the primer binding site (7), allele
degradation at some loci (18), and additive effect of the stutter
(7,17). Clayton et al. (7) suggest in step 4 of mixture profile anal-
ysis the estimation of the mixture proportion first from four-allele
loci peak data information. A manually estimated mixture pro-
portion based on the relative peak heights of these loci should
correspond closely to the LSD-calculated mixture proportion ratio
for the top-ranked combination case of the corresponding loci.
The latter is arrived at by the least-square fit using the peak data
information. For any locus that has a much higher or lower mass
proportion ratio for the top-ranked combination than that of the
majority of the others in this group, one needs to review the as-
sociated peak data for that outlier locus to see whether a severe
peak imbalance is evident between the major and minor alleles,
much more severe than those observed at other loci. If a severe
imbalance is evident, then the analyst should examine the peak
data associated with this locus to assess if an called allele peak is a
false call, such as a stutter peak that should have been deleted
from the final allele calls for this locus but was retained by mis-
take, or the low peak can be from a degraded allele, or as a result
of a primer binding site mutation for that allele, both of which will
result in reduced DNA amplification (7,17). It is also known that
larger alleles have a lower amplification efficiency and tend to
stutter more (7,17).

At each locus, the confidence in the resolution given by the top-
ranked combination can be assessed by comparing the relative
error residuals of the top two-ranked combinations. The further
apart they are, the more confident it is that the top-ranked com-
bination is the best supported resolution, given the observed allele
peak data. If the error for the second-ranked case is comparable to
that of the top-ranked case, AND the mass proportion ratio for the
two cases are also comparable, then the top two cases have to be
retained for consideration at this point. The notion of compara-

bleness is a subjective determination, at the discretion of the an-
alyst. Bill et al. (10) report that a variation in the estimated
mixture proportion Mx from the overall profile mean across all loci
for hundreds of possible profiles with close overall fitting residuals
can be as high as � 0.35. They define Mx as the ratio of the DNA
mass of one contributor to that of the total. (This is different from
the definition of the mass proportion ratio used in LSD, which
refers to the ratio of the larger DNA mass proportion to that of the
smaller DNA mass proportion in the mixture. Mx and mass pro-
portion ratio can be calculated from each other.) A change in Mx

of this magnitude corresponds to a change in mass proportion ratio
of several fold. Table 4 shows an example in which the top two
genotype combination cases appear to fit comparably well (1.0
and 2.8 error ratios) and the best-fit mass proportion ratios are also
comparable: 1:2.7 and 1:1.6. When the known contributor profile
(if available) is brought in for comparison later, one candidate
combination can usually be eliminated because neither genotype
in the combination would correspond to that of the known gen-
otype at this locus. However, it is recommended that if the top two
combinations have comparable fitting error residuals, the combi-
nation with a mass proportion ratio more consistent with those at
other loci is preferred. Table 5 shows another example where the
mass proportion ratios for the top two combination cases are
comparable, but the two-error residuals differ by a thousand fold,
indicating that the second case is not at all supported by the given
measured peak data.

TABLE 4—LSD results for a three-allele locus showing that the top two-
ranked cases are both supported by the given peak area data.�

Select Case Person 1 Person 2
Fitting
Error

Error
Ratio

Mass
Ratio

CSF1PO—three alleles {alleles 10 11 12} {peak area 482 697 617}
1 10, 10 11, 12 1.4e� 02 1.0 1.0:2.7
2 11, 11 10, 12 3.9e� 02 2.8 1.0:1.6
3 12, 12 10, 11 9.9e� 02 7.2 1.0:1.9
4 10, 11 11, 12 0.23 17 1.0:1.4
5 10, 12 11, 12 0.45 33 1.0:1.7
6 10, 12 10, 11 0.99 72 1.0:1.2

�Mass ratio refers to the mass proportion ratio. Note that the fitting error
refers to the fitting residual (sum of squares of the elements of the error vector);
the error ratio refers to the ratio of the fitting error of each genotype combi-
nation case to the fitting error of the top-ranked combination case; the mass
ratio refers to the ratio of the two mass proportions that are given by the least-
square solution.

TABLE 5—LSD results for a second three-allele locus.�

Select Case Person 1 Person 2 Fitting Error Error Ratio Mass Ratio

TH01—three alleles {alleles 5 6 8} {peak area 944 935 633}
1 8, 8 5, 6 1.0e� 04 1.0 1.0:3.0
2 5, 5 6, 8 0.11 1.1e103 1.0:1.7
3 6, 6 5, 8 0.12 1.2e103 1.0:1.7
4 5, 8 5, 6 0.32 3.2e103 1.0:1.7
5 6, 8 5, 6 0.34 3.4e103 1.0:1.7
6 6, 8 5, 8 1.29 1.3e104 1.0:1.0

�Mass ratio refers to the mass proportion ratio. Even though the mass ratios
for the two top-ranked combination cases are comparable, the top-ranked case
is much better supported by the given peak area data, . Note that the fitting
error refers to the fitting residual (sum of squares of the elements of the error
vector); the error ratio refers to the ratio of the fitting error of each genotype
combination case to the fitting error of the top-ranked combination case; the
mass ratio refers to the ratio of the two mass proportions that are given by the
least-square solution.
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The next step in the guideline for reviewing is to collect the
mass proportion ratio of the top-ranked genotype combination for
these loci and decide what mass proportion ratio range is consid-
ered to be consistent across them. This range will be used to
evaluate the LSD mathematical results for two-allele loci in the
subjective selection of the most compatible genotype combina-
tion. The guidelines for which are described in the next section,

Reviewing the LSD Mathematical Results for Two-Allele Loci—
Tables 6–9 show the LSD mathematical results for four two-allele
loci from the same mixture sample. They will be used to illustrate
the heuristic guidelines for interpreting two-allele LSD mathemat-
ical results. Note that for these four loci, the peak area information
is used in LSD. The use of peak area and peak height is inter-
changeable in using LSD, as long as the use is consistent within a
mixture sample.

It is observed from the LSD mathematical results for these four
loci that in each of the first three loci, among all four genotype
combination cases of each locus, no two mass proportion ratios
can be considered to be close to each other. However, in the fourth
locus (D5S818), the best-fit mass proportion ratios for cases 1 and
2 are very close: 1:2.1 versus 1:1.9. This implies that if one com-
bination is chosen to be a candidate, then the other is also to be
chosen as a candidate. Examining the peak areas of the two alleles
of each of the four loci, it is evident that only the first locus
(D18S51) has allele areas close to each other: 209 and 276, or
1:1.32, within the 0.6–1.67 range. This implies that for this locus,
the fourth genotype combination case of {[A B], [A B]} should be
considered as a candidate. If the peak areas of the two alleles are
not comparable, then from the first three combinations, the one

with the best-fit mass proportion ratio most consistent with those
from other loci is to be chosen. If none exists, then the resolution
at this locus is deemed inconclusive, and this locus is to be re-
moved from consideration in forming the overall profile.

For reference, the mass proportion ratios from the top-ranked
genotype combination case from the other loci in this particular
mixture average to 1:2.0 (mass proportion ratios are 1.3, 1.6, 1.8,
1.8, 1.8, 1.9, 2.3, and 3.6). With this information, the most com-
patible genotype combination case from the LSD mathematical
results for each of these four two-allele loci can now be selected.

� Locus D18S51: In addition to genotype combination case 4
being a supported one (due to comparable peak areas) based on
the peak data, case 1 cannot be ruled out with confidence at this
point because the corresponding mass proportion ratio of 1:1.3
is close to the overall average of 1:2. At this point, cases 1 and
4 are the potential contenders.

� Locus CSF1PO: The allele peak area ratio of [450: 673] or
[1:1.5] is near the boundary of the 0.6–1.67 range for accept-
able heterozygous peak balance. Hence, case 4 may or may not
be applicable. The mass proportion ratio for case 1, 1:1.5, is
consistent with the average of 1:2 from the other loci. Case 3
with a mass proportion ratio of 1:4, is still close enough to 1:2
to be considered as borderline compatible at this point also.
Therefore, case 1 is considered to be the most supported, with
cases 3 and 4 as less supported, conditioned on the given peak
data.

� Locus VWA: The allele peak areas of [1749, 362] are well
outside the 0.6–1.67 range. case 4 is deleted from consider-

TABLE 6—LSD results for the first of four two-allele loci all from the same
mixture sample as that in Tables 6–9.�

Select Case Person 1 Person 2 Fitting Error Error Ratio Mass Ratio

D18S51—two alleles {alleles 14 15} {peak area 209 276}
1 14, 14 15, 15 0.0e100 1.0:1.3
2 14, 14 14, 15 0.0e100 1.0:� 8.2
3 15, 15 14, 15 0.0e100 1.0:6.2
4 14, 15 14, 15 5.1e� 02 1.0:1.0

�Mass ratio refers to the mass proportion ratio. The allele peak areas of the
two alleles are considered comparable (within the 0.6–1.67 range). As a result,
case 4 is a compatible combination. Note that the first three combination cases
have 0 fitting error associated with them, due to the fact that the gene matrix
for each of these has two independent rows with two unknowns; thus, an exact
solution exists. The mass proportion ratio for the second case is negative, thus
rendering this case infeasible.

TABLE 8—LSD results for the third of four two-allele loci all from the same
mixture sample as that in Tables 6–9.�

Select Case Person 1 Person 2 Fitting Error Error Ratio Mass Ratio

VWA—two alleles {alleles 16 17} {peak area 1749 362}
1 17, 17 16, 16 0.0e100 1.0:4.8
2 16, 17 16, 16 0.0e100 1.0:1.9
3 17, 17 16, 17 0.0e100 1.0:� 2.5
4 16, 17 16, 17 7.34 1.0:1.0

�Mass ratio refers to the mass proportion ratio. The allele peak areas of the
two alleles are not comparable at all (well outside the 0.6–1.67 range); thus,
case 4 can be eliminated confidently from further consideration. Note that the
first three combination cases have 0 fitting error associated with them, due to
the fact that the gene matrix for each of these has two independent rows with
two unknowns; thus an exact solution exists. The mass proportion ratio for the
third case is negative, thus rendering this case infeasible.

TABLE 7—LSD results for the second of four two-allele loci all from the same
mixture sample as that in Tables 6–9.�

Select Case Person 1 Person 2 Fitting Error Error Ratio Mass Ratio

CSF1PO—two alleles {alleles 7 11} {peak area 450 673}
1 7, 7 11, 11 0.0e100 1.0:1.5
2 7, 7 7, 11 0.0e100 1.0:� 6.0
3 11, 11 7, 11 0.0e100 1.0:4.0
4 7, 11 7, 11 0.12 1.0:1.0

�Mass ratio refers to the mass proportion ratio. The allele peak areas of the
two alleles are considered comparable (within the 0.6–1.67 range). As a result,
case 4 is a compatible combination. Note that the first three combination cases
have 0 fitting error associated with them, due to the fact that the gene matrix
for each of these has two independent rows with two unknowns; thus, an exact
solution exists. The mass proportion ratio for the second case is negative, thus
rendering this case infeasible.

TABLE 9—LSD results for the last of four two-allele loci from the same mix-
ture sample as that in Tables 6–9.�

Select Case Person 1 Person 2 Fitting Error Error Ratio Mass Ratio

D5S818—two alleles {alleles 12 13} {peak area 1552 749}
1 13,13 12,12 0.0e100 1.0:2.1
2 12,12 12,13 0.0e100 1.0:1.9
3 13,13 12,13 0.0e100 1.0:� 3.9
4 12,13 12,13 0.57 1.0:1.0

�Mass ratio refers to the mass proportion ratio. The allele peak areas of the
two alleles are not comparable (outsdie the 0.6–1.67 range); thus, case 4 can be
eliminated confidently from further consideration. Note that the first three
combination cases have 0 fitting error associated with them, due to the fact that
the gene matrix for each of these has two independent rows with two un-
knowns; thus, an exact solution exists. The mass proportion ratio for the third
case is negative, thus rendering this case infeasible.
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ation. Only case 2, with genotype combinations of {[16, 17],
[16, 16]} and a mass proportion ratio of 1:1.9, is consistent with
the average of 1:2 from the other loci. Therefore, case 2 is the
preferred choice at this time.

� Locus D5S818: The allele peak areas of [1552:749] or [1:2.07]
are outside the 1.67 bound. Therefore, case 4 is removed from
further consideration. Case 1 of {[13, 13], [12, 12]} and case 2
of {[12, 12], [12, 13]} with the fitted mass proportion ratios of
1:2.1 and 1:1.9, respectively, are both candidates to be the
compatible genotype combination choice. Both will be retained
for consideration. Note that for this locus, in both cases 1 and 2,
one of the two people’s genotypes is [12, 12], but it is person 2
in case 1 and person 1 in case 2 that is assigned this genotype.
When the known contributor profile is brought in (if one is
available), one needs to first determine whether it is person 1 or
2 of LSD mathematical results to which the known person cor-
responds. Then, using the known genotype, the appropriate
case may be selected from the possible choices for the locus.
The following section gives the analysis of the LSD mathemat-
ical results for a 13-loci mixture sample.

Results and Discussion

A 13-Loci Example

Table 10 shows the allele peak data of a mixture sample with 13
loci (sample kindly provided by R. Wickenheiser of the Acadiana
Crime Lab, New Iberia, LA), and Tables 11–14 show LSD math-
ematical results for this sample. There are four four-allele loci,
seven three-allele loci, and two two-allele loci. LSD mathematical
results for the 11 four- and three-alelle loci will be analyzed first.
The set of the best-fit mass proportion ratio for the top-ranked
genotype combination for the 11 loci is very consistent: {2.3, 3.0,
2.4, 2.6, 2.2, 2.4, 2.7, 1.8, 2.1, 2.4, 2.0} with an average of 2.4.
This implies that if these genotype combinations are indeed the
correct resolutions, then the mass proportion was preserved well
across these loci during amplification. Next, the confidence re-
garding which genotype combinations are the most compatible
ones is examined. Examining how much worse the second-ranked
case fits the given peak data compared with that of the top-ranked
case shows that the error ratios for the second-ranked cases for the
11 loci are {3.2, 1126, 4.8, 30, 7.7, 13465, 2.8, 14, 4.3, 3.7, 13},
respectively. The error ratios of {3.2, 2.8, and 3.7} for D3S1358,
CSF1PO, and TPOX may be too low for the resolution rendered
by the top-ranked case to be fully confident. However, the mass
proportion ratio of the second-ranked case for D3S1358 is 1:4.8,
slightly too high compared with the average of 2.4 for the 11 loci.
Therefore, only the top-ranked case for this locus is favored at this
point. For CSF1PO, the mass proportion ratio for the second-
ranked case is 1:1.6, just slightly too low compared with the ma-
jority of the top-ranked cases for the 11 loci, which are mostly
above 1:2.0. For TPOX, the top-ranked case is also favored, be-
cause the mass proportion ratio for the second-ranked case is
1:5.0, too high to be regarded as consistent with those at the other
11 loci.

For the remaining two loci with two alleles in each locus
(D5S818, D13S317) genotype combination Case 4 of [AB] and
[AB] is not considered supported because the two-allele peak ar-
eas are not within the acceptable 0.6–1.67 range of heterozygous
peak balance. For D5S818, the second listed case of {[12, 13],
[12,12]} is favored because the associated mass proportion ratio
of 1:2.3 is the most consistent to those for the 11 four- and three-
allele loci examined previously. Finally, for D13S317, both the
first- and second-listed cases have to be retained for consideration

at this point because they have comparable mass proportion ratios:
1:1.9 and 1:2.2. Table 15 shows the final resolution based on LSD
mathematical results and applying the interpretation guidelines.
Two choices for D13S317 are listed to reflect the uncertainty.
Assume that the victim’s profile is available (from Table 10) and
is now brought in to check the LSD-suggested resolution and to
pick the appropriate resolution at locus D13S317. Comparison
shows that person 1 of LSD result corresponds to that of the
known contributor profile, and that at locus D13S317, the second-
listed genotype combination case (with mass proportion ratio of
1:2.2) contains the known contributor profile. The other contribu-
tor of the mixture (the offender) also happens to be known for this
example, and results show that the LSD-suggested resolutions are
all correct at the remaining 12 loci. In a realistic application, a
suspect’s DNA profile can be compared with that of the other
contributor from LSD (other than the known reference). If they
match, one can draw the conclusion that given the victim’s profile,
and if the prosecutor’s hypothesis is correct that the suspect is the

TABLE 10—Data for the 13-loci mixture sample. LSD results are in Tables
11–14.�

Locus
Alleles in the

Mixture Allele Peak Area

True Genotype Combination

Victim Offender

D3S1358 15 1989 15 15
16 739 16
18 1550 18

VWA 15 1318 15
16 621 16
18 793 18
19 1200 19

FGA 21 2414 21 21
22 1461 22
23 687 23

D8S1179 12 1431 12
13 603 13
14 560 14
16 986 16

D21S11 28 1410 28
30 1199 30

32.2 1506 32.2
D18S51 12 471 12

13 386 13
17 1181 17
18 1029 18

D5S818 12 2561 12 12
13 463 13

D13S317 11 1607 11 11
12 834 12

D7S820 8 723 8
10 1203 10 10
11 289 11

D16S539 11 1262 11
12 515 12
13 1253 13
14 514 14

THO1 5 944 5
6 935 6
8 633 8

TPOX 8 1257 8 8
10 984 10
11 447 11

CSF1PO 10 482 10
11 697 11
12 617 12

�The true genotypes for both contributors are known and are shown in the
Table (data kindly provided by R. Wickenheiser of Acadiana Crime Lab, New
Iberia, LA).
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offender, then their DNA, when mixed at the calculated best-fit
mass proportions, would best support the quantitative allele peak
data of the given mixture sample.

This particular mixture represents a fairly clear-cut mixture for
LSD to resolve with very little ambiguity (some uncertainty at the
D13S317 locus). Most experienced DNA analysts would probably
arrive at a comparable resolution without the help of LSD. The
benefit in applying LSD is envisioned to be twofold: (1) it adds
objectivity to the deconvolution of a mixture sample, one based on
mathematics, and (2) it can act as a peer reviewer in the inter-
pretation of mixture sample. It especially is expected to aid in
situations where, at several loci more than one genotype combi-
nation choices appear to be compatible. LSD would systematic-
ally fit each combination in turn and gives an error for the fit, thus

allowing the analyst to assess the degree of fit, and to pick the
more compatible genotype combination case for resolution. When
a known profile is available and is found to support LSD-sug-
gested resolution at some or all loci, then the confidence in the
resolution at those loci is increased.

The robustness of resolution by the LSD approach has
been studied by the authors using thousands of simulated
mixture data sets that exhibit slightly different mixture propor-
tion ratios between mixture profile samples, and with varying
degrees of heterozygous peak imbalance across loci. Some gen-
otype combination patterns (for three-allele loci) are much
more sensitive to peak imbalance than others. The results from
these studies are the subject of a new manuscript currently under
preparation.

TABLE 12—Partial LSD mathematical result for the 13-loci mixture
example.�

Select Case Person 1 Person 2
Fitting
Error

Error
Ratio

Mass
Ratio

D8S1179—four alleles {alleles 12 13 14 16} {peak area 1431 603 560 986}
1 13, 14 12, 16 0.32 1.0 1.0:2.1
2 14, 16 12, 13 1.38 4.3 1.0:1.3
3 13, 16 12, 14 1.44 4.5 1.0:1.3

D21S11—three alleles {alleles 28 30 32.2} {peak area 1410 1199 1506}
1 30, 30 28, 32.2 3.2e� 03 1.0 1.0:2.4
2 32.2, 32.2 28, 30 1.5e� 02 4.8 1.0:1.7
3 28, 28 30, 32.2 3.3e� 02 10 1.0:1.9
4 30, 32.2 28, 32.2 0.28 88 1.0:1.3
5 28, 30 28, 32.2 0.39 121 1.0:1.4
6 28, 30 30, 32.2 0.68 213 1.0:1.1

D18S51—four alleles {alleles 12 13 17 18} {peak area 471 386 1181 1029}
1 12, 13 17, 18 0.10 1.0 1.0:2.6
2 13, 18 12, 17 3.08 30 1.0:1.2
3 12, 18 13, 17 3.17 31 1.0:1.0

D5S818—two alleles {alleles 12 13} {peak area 2561 463}
1 13, 13 12, 12 0.0e100 1.0:5.5
2 12, 13 12, 12 0.0e100 1.0:2.3
3 13, 13 12, 13 0.0e100 1.0:� 2.4
4 12, 13 12, 13 10.27 1.0:1.0

�Tables 11–14 contain the complete results. Mass ratio refers to the mass
proportion ratio.

TABLE 13—Partial LSD mathematical result for the 13-loci mixture
example.�

Select Case Person 1 Person 2
Fitting
Error

Error
Ratio

Mass
Ratio

D13S317—two alleles {alleles 11 12} {peak area 1607 834}
1 12, 12 11, 11 0.0e100 1.0:1.9
2 11, 11 11, 12 0.0e100 1.0:2.2
3 12, 12 11, 12 0.0e100 1.0:� 4.2
4 11, 12 11, 12 0.43 1.0:1.0

D7S820—three alleles {alleles 8 10 11} {peak area 723 1203 289}
1 10, 11 8, 10 0.15 1.0 1.0:2.2
2 8, 11 10, 10 1.13 7.7 1.0:1.2
3 11, 11 8, 10 1.38 9.5 1.0:6.7
4 8, 11 8, 10 2.36 16 1.0:29.0
5 8, 8 10, 11 5.00 34 1.0:2.1
6 8, 11 10, 11 10.70 73 1.0:3.7

D16S539—four alleles {alleles 11 12 13 14} {peak area 1262 515 1253 514}
1 12, 14 11, 13 1.6e-04 1.0 1.0:2.4
2 13, 14 11, 12 2.09 1.3e104 1.0:1.0
3 12, 13 11, 14 2.09 1.3e104 1.0:1.0

�Tables 11–14 contain the complete results. Mass ratio refers to the mass
proportion ratio.

TABLE 11—Partial LSD mathematical result for the 13-loci mixture
example.�

Select Case Person 1 Person 2 Fitting Error Error Ratio Mass Ratio

D3S1358—three alleles {alleles 15 16 18} {peak area 1989 739 1550}
1 15, 16 15, 18 5.5e� 02 1.0 1.0:2.3
2 16, 16 15, 18 0.18 3.2 1.0:4.8
3 15, 15 16, 18 0.60 11 1.0:1.2
4 16, 18 15, 18 0.85 15 1.0:4.6
5 18, 18 15, 16 1.43 26 1.0:1.8
6 16, 18 15, 16 4.79 87 1.0:1.7

VWA—four alleles {alleles 15 16 18 19} {peak area 1318 621 793 1200}
1 16, 18 15, 19 5.6e� 02 1.0 1.0:1.8
2 16, 19 15, 18 0.79 14 1.0:1.2
3 15, 16 18, 19 0.84 15 1.0:1.0

FGA—three alleles {alleles 21 22 23} {peak area 2414 1461 687}
1 21, 23 21, 22 5.0e� 02 1.0 1.0:2.0
2 22, 23 21, 21 0.63 13 1.0:1.1
3 23, 23 21, 22 0.96 19 1.0:5.6
4 22, 23 21, 22 1.90 38 1.0:13.3
5 22, 22 21, 23 3.16 63 1.0:2.1
6 22, 23 21, 23 7.18 144 1.0:3.4

�Tables 11–14 contain the complete results. Mass ratio refers to the mass
proportion ratio.

TABLE 14—Partial LSD mathematical result for the 13-loci mixture
example.�

Select Case Person 1 Person 2 Fitting Error Error Ratio Mass Ratio

TH01—three alleles {alleles 5 6 8} {peak area 944 935 633}
1 8, 8 5, 6 1.0e� 04 1.0 1.0:3.0
2 5, 5 6, 8 0.11 1.1e103 1.0:1.7
3 6, 6 5, 8 0.12 1.2e103 1.0:1.7
4 5, 8 5, 6 0.32 3.2e103 1.0:1.7
5 6, 8 5, 6 0.34 3.4e103 1.0:1.7
6 6, 8 5, 8 1.29 1.3e104 1.0:1.0

TPOX—three alleles {alleles 8 10 11} {peak area 1257 984 447}
1 8, 11 8, 10 5.1e� 02 1.0 1.0:2.4
2 11, 11 8, 10 0.19 3.7 1.0:5.0
3 8, 8 10, 11 0.72 14 1.0:1.1
4 10, 11 8, 10 0.86 17 1.0:4.9
5 10, 10 8, 11 1.64 33 1.0:1.7
6 10, 11 8, 11 5.37 106 1.0:1.7

CSF1PO—three alleles {alleles 10 11 12} {peak area 482 697 617}
1 10, 10 11, 12 1.4e� 02 1.0 1.0:2.7
2 11, 11 10, 12 3.9e� 02 2.8 1.0:1.6
3 12, 12 10, 11 9.9e� 02 7.2 1.0:1.9
4 10, 11 11, 12 0.23 17 1.0:1.4
5 10, 12 11, 12 0.45 33 1.0:1.7
6 10, 12 10, 11 0.99 72 1.0:1.2

�Tables 11–14 contain the complete results. Mass ratio refers to the mass
proportion ratio.
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Difference Between LSD and Other Quantitative Approaches

Both the Pendulum and LMA approaches (8,10) also use the
least-square approach to find the optimum DNA proportions in the
mixture. The mathematical system in which the least-square so-
lution is sought is posed differently from that of LSD. The main
difference between the mathematical formulation of LSD is that in
LSD, peak data from a locus are processed independently from all
other loci. A set of least-square problems is posed for every locus,
using the allele peak data for that locus only. The optimum mass
proportion vector is then calculated for each possible genotype
combination at that locus. This allows for a different optimum
mass proportion vector to be developed for each locus independ-
ently from all other loci. As a result, a different optimum mass
proportion vector usually results for the top-ranked combination
case from the least-square fit for each locus. In sharp contrast, in

the formulation of and in the selection of the most supported gen-
otype combination at all loci in Perlin and Szabady (8) and in the
first phase of (10), peak data from all loci are concatenated to-
gether into a long vector, and one least-square fit to the combined
string of peak data is carried out for each possible profile genotype
comprised of all loci. This means that a common mixture propor-
tion estimate across all loci, M̂x (or referred to as weights in Perlin
and Szabady (8)) is simultaneously imposed for all loci, and
through either iterative search (10) or direct computation (8) the
M̂x that gives the smallest residual across all loci simultaneously is
chosen to be the best-fit estimated M̂x for all loci for a particular
possible profile. (Mx in Perlin and Szabady (8) and Bill et al. (10)
plays the same role as the mass proportion ratio in LSD) The for-
mulation of a common M̂x for all loci does not appear to yield the
flexibility of accommodating for variations in mixture proportion
across loci, which is known to exist (7,12,13). In contrast, LSD
calculates a different best-fit estimated mass proportion for each
locus separately. Thus, LSD yields a set of estimated best-fit mass
proportion values (one for each locus), fM̂i

xg
n
i51 where i denotes

locus i, and n denotes the number of loci. The approach of (10)
accommodates for variation in the true but unknown Mx by in-
cluding a second phase, in which an updated mixture proportion
for each locus is separately calculated based on the relative peak-
height data, and the associated genotype combination is passed
only if it lies within � 0.35 (or user-defined) of the PENDULUM
average (derived from the first phase) for the top 500 hits (12). In
LMA, an explicit allowance for variation of DNA weights across
loci is not provided. However, it is mentioned in Perlin and Sza-
bady (8) that ‘‘the relative residual (as measured by ‘‘dev’’ in
LMA) in the overall residual contributed by individual locus can
be examined to see whether any locus has an unusually large re-
sidual associated with it, indicating a poor fitting result. It is sug-
gested then that this locus be removed from the profile.

A comparison study of resolution of several well-publicized
mixture samples by the method of (8) (applied to the case where
one of the contributors is known and used in the computation for
the profile of the unknown) and LSD showed somewhat different
resolution results, with the LSD approach yielding correct reso-
lution for all samples studied. Comparison results are documented
in Wang et al. (11).

Integration of LSD into the Workflow of Forensic Laboratories

The main objective of LSD is to provide a set of resolved pro-
files for each of two contributors to a mixture sample that are well
supported by the given allele peak data. It provides the math-
ematical results of the best-fit mass proportions for the two con-
tributors to the mixture through a systematic fitting of each
possible genotype combination at a locus, through the least-square
fitting of the allele peak data to the genotype combination under
consideration. It ranks the possible combinations at each locus
according to their corresponding residuals. The DNA analysts can
take the ranked results and apply the heuristic interpretation
guidelines outlined in this paper to assign a degree of confidence
to the LSD suggested resolution. Used in this way, LSD acts as a
filter to suggest the best-supported genotype combination for each
locus based on the associated peak data. This is expected to save
the analysts from more laborious manual interpretation of the
mixture data from the raw peak data. We suggest that when a
sample can be assumed to be a two-contributor mixture, and ar-
tifact peaks have been identified and removed from the final allele
calls, LSD be applied first to the peak data to yield the ranked
result for the possible genotype combinations at each available

TABLE 15—LSD-guided resolution of the 13-loci mixture sample.�

Locus
Alleles in

the Mixture

LSD Suggested Result

Victim Suspect Mass Ratio Calculated Remarks

D3S1358 15 15 15
16 16 1:2.3 Correct
18 18

VWA 15 15
16 16
18 18 1:1.8 Correct
19 19

FGA 21 21 21
22 22 1:2.0 Correct
23 23

D8S1179 12 12
13 13
14 14 1:2.1 Correct
16 16

D21S11 28 28
30 30 1:2.4 Correct
32.2 32.2

D18S51 12 12
13 13 1:2.6 Correct
17 17
18 18

D5S818 12 12 12
13 13 1:2.3 Correct

D13S317 11 11
11 12 1:2.2 Correct
12 11

12 1:1.9
D7S820 8 8

10 10 10 1:2.2 Correct
11 11

D16S539 11 11
12 12 1:2.4 Correct
13 13
14 14

THO1 5 5
6 6 1:3.0 Correct
8 8

TPOX 8 8 8
10 10 1:2.4 Correct
11 11

CSF1PO 10 10
11 11 1:2.7 Correct
12 12

�The resolutions at all 13 loci except for D13S317 are made with confi-
dence. Resolutions at all four- and three-allele loci are the top-ranked genotype
combination case, and the resolutions for the two-allele loci are arrived at
using the LSD interpretation guidelines where at D13S317, two genotype
combination cases are supported by the given peak data.
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locus. Applied in this way, LSD will deliver consistent and sys-
tematic fitting results for the DNA analyst to follow up with LSD
interpretation guidelines. It is emphasized at this point that a
manual review of the LSD mathematical results is required. Suc-
cessful automation of these two-step approaches to mixture inter-
pretation will require wide field testing of the LSD framework
with forensic data to identify its robustness and limitations. Never-
theless, some degree of human review of the final resolution re-
sults will always be necessary to assure interpretation integrity.

A second use for LSD is in providing a set of candidate profiles
for a database search on systems such as Combined DNA Data-
base System (CODIS). Each candidate profile is to be formed
from those loci that are confidently resolved by LSD, in conjunc-
tion with all possible combinations of those less-confidently re-
solved loci in each of which more than one genotype combination
is supported by the allele peak data. Unless the profile peak data
have been severely compromised across many loci by varying
degrees leading to widely inconsistent LSD mathematical results,
the total number of candidate profiles resulting from such a com-
bination is expected to be small: 32, for instance, if two candidate
genotype combinations exist at each of five loci out of 13 core loci
(25 5 32), which is a relatively small number out of the millions of
possible profiles that can be formed from all possible combin-
ations of all the loci alleles if no prefiltering of possible profiles is
carried out first.

Summary and Conclusion

In this paper, a least-square-based interpretation framework is
presented for interpreting two-contributor STR mixture samples
using the quantitative allele peak data information. Applying the
least-square principles, a best-fit mass proportion ratio is calcu-
lated for all possible genotype combination cases at each locus,
independent of all other loci. Based on the ranked best-fit mass
proportion ratios and the relative error residual ratios, a composite
profile for each contributor can be developed from the LSD math-
ematical results using the heuristic interpretation guidelines ex-
plained in this paper. Results from studies using simulated data as
well as from forensic case data show that LSD consistently gives
correct resolution of profiles, provided no severe allele degrada-
tion or peak-height saturation (from overloading of DNA samples)
exists among the given peak data of a locus. Some limitations do
exist imposed by the inherent mathematical properties associated
with nonuniqueness of solutions for two-allele loci. Using the
suggested LSD interpretation guidelines may circumvent some of
these limitations. The LSD framework for mixtures with mixture
proportions close to 1:1 yields less certain results for four- and
three-allele loci, due to possible heterozygous peak imbalance
(four-allele loci), which would mask the slight difference in the
mass proportion ratio, and due to degeneracy (for three-allele
loci), in which two combinations would have the same pattern of
relative peak heights. The use of a known contributor profile, when
available, aids in the final determination of resolution when ambi-
guities exist. An expert system applying the interpretation guide-
lines documented here to interpret the LSD mathematical results is
currently being developed by the authors. A follow up paper doc-
umenting the results of a sensitivity study of mixture resolution to
the relative allele peak imbalance is also in preparation.
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APPENDIX A

LSD Mathematical Steps: Examples

This section presents examples of applying the LSD mathematical

steps to the peak data of a locus with four, three, and two alleles,

respectively.

LSD Steps for a Four-Allele Locus—Let the four alleles at a
locus be designated as {12, 13, 17, 18} with peak heights shown
below
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allele peak vector ¼

471

386

1181

1029

2
6664

3
7775

From inspection, it is clear that the first two alleles come from
one contributor, the minor contributor, and the last two come from
the second contributor, the major contributor. LSD analysis
should yield the same conclusion with a high degree of confi-
dence. First, the peak heights are normalized such that the nor-
malized smallest peak is ‘‘1’’. The normalized peak vector now
becomes

b ¼ normalized allele peak vector ¼

471
386

386
386

1181
386

1029
386

2
6666666666664

3
7777777777775

¼

1:22

1:0

3:06

2:67

2
6664

3
7775

For four alleles, there are three possible allele combinations for
the two contributors (see Table 1). Case 3 genotype combination
is selected for processing first. The corresponding gene matrix for
this case is shown below

A ¼

1 0

0 1

0 1

1 0

2
6664

3
7775

For this case, the assumed allele combination pattern is [12 18]
and [13 17], respectively. We are to find the particular combina-
tion weights for the two columns of A such that when combined
with these weights would yield a fitted peak vector that is ‘‘clos-
est’’ to the given peak-height vector b. The optimum weights give
the best-fit mass proportions. The least-square solution is given
directly by Eq. (3) shown previously. Using the appropriate
pseudoinverse matrix from Table 1, the computed xls is thus

xls ¼ Aþ � b ¼ 1

2

1 0 0 1

0 1 1 0

� � 1:22

1:0

3:06

2:67

2
6664

3
7775 ¼

1:95

2:03

� �

The corresponding mass proportion ratio is therefore 1.95:2.03,
or 1:1.04. The predicted, or fitted allele peak vector, bf is com-
puted as follows:

bf ¼ A � xls ¼

1 0

0 1

0 1

1 0

2
6664

3
7775

1:95

2:03

� �
¼

1:95

2:03

2:03

1:95

2
6664

3
7775

The error vector between bf, and the measured b vector is com-
puted as follows:

e ¼ error vector ¼ b� bf ¼

1:22

1:0

3:06

2:67

2
6664

3
7775�

1:95

2:03

2:03

1:95

2
6664

3
7775 ¼

�0:73

�1:03

1:03

0:72

2
6664

3
7775

The residual, or the corresponding square of the length of the
error vector, is given as the sum of squares of the entries of the e
vector, or

residuals ¼ ð�0:73Þ2 þ ð�1:03Þ2 þ ð1:03Þ2 þ ð0:72Þ2 ¼ 3:17

The least-square solution, xls, calculated this way guarantees
that the error, or residual, between the given peak-height vector, b,
and the fitted vector, bf, will be the smallest of all possible x’s for
the given genotype matrix, A. That is to say, no mass proportion
vector, x, when premultiplied by the corresponding A matrix, will
yield a vector, bf, that is ‘‘closer’’ to the given vector, b than xls

would; therefore, the computed xls vector constitutes the best-fit
mass proportion vector for this particular genotype combination
being tried. The magnitude of the residual alone is not indicative
of how well this genotype combination fits the given allele peak
data at the optimum mass proportion just calculated. It is in light
of the residuals of all possible genotype combinations that the
relative degree of the compatibility of each genotype combination
is assessed. This point will be explained further later in the guide-
lines for interpreting LSD mathematical results.

Next, the best-fit mass proportion vector and the residual for
another genotype combination for this locus is calculated, that of
case 1. The genotype matrix, A for this case is shown below

A ¼

1 0

1 0

0 1

0 1

2
6664

3
7775

The least-square solution is given by

xls ¼
1

2

1 1 0 0

0 0 1 1

� � 1:22

1:0

3:06

2:67

2
6664

3
7775 ¼

1:11

2:87

� �
:

The corresponding mass proportion ratio is 1.11:2.87, or 1:2.6.
The error vector is given by

e ¼ error vector ¼ b� bf ¼

1:22

1:0

3:06

2:67

2
6664

3
7775�

1 0

1 0

0 1

0 1

2
6664

3
7775

1:11

2:87

� �

¼

0:11

�0:11

0:19

�0:20

2
6664

3
7775
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The residual, as calculated by the sum of squares of the elem-
ents of the error vector above is equal to 0.10, compared with 3.17
for the previous genotype combination. The relative error residual
of the two fits is: 0.1:3.17, or a ratio of 1:32, indicating that the
manner in which genotype combination case 3 explains the ob-
served peak data with a fitting error residual of 3.17, is 32 times
worse than the manner of explanation provided by genotype com-
bination case 1.

The fitting residual for genotype combination case 2 of Table 1
is found to be 3.08. Therefore, of the three cases, genotype com-
bination case 1 is considered the most supported one, conditioned
on the given allele peak data, because it has the smallest fitting
residual (0.1 vs. 3.08, and 3.17). Table 16 shows the ranked LSD
mathematical results of the three cases for this locus of four alleles
just processed.

LSD Steps for a Three-Allele Locus—Six genotype combination
cases are possible for a three-allele locus, three of which involve
one shared allele. The remaining three cases involve a mixture of
one homozygous and one heterozygous contributor. Table 2 dis-
plays all six cases, along with the associated gene matrix and their
pseudoinverses.

Exactly the same steps as those for the four-allele locus are
carried out for the three-allele locus, resulting in a ranked list of
the six cases according to their associated fitting residuals. Table
17 shows an example of the LSD mathematical output of a three-
allele locus, in which the measured allele peak heights are {723,
1203, 289}. The top-ranked combination involves a shared allele
between the two contributors. In general, when the two-contribu-
tor genotypes at a locus share an allele, a balanced peak-height
ratio among the respective heterozygous alleles of each contribu-
tor would require that the composite peak-height ratio lie between

0.6 and 1.66, as shown below

0:6 � jshared allele

junshared1 þ junshared2

� 1:66

where j denotes the peak height. In this case, the calculated
composite peak-height ratio is 1.18, well within the limit. Further,
LSD mathematical results show that the second-ranked genotype
combination has a fitting residual about eight times of that of the
top-ranked one, indicating a markedly less-supported genotype
combination. Moreover, the second-ranked case assigns alleles [8
11] to the same person, whereas the other person is homozygous
in allele 10. This assignment is not supported well by the very
imbalanced peak heights of 723 and 289 for alleles [8 11] if they
are assigned together to the same person. Table 18 shows the LSD
mathematical results of a second three-allele locus in which it is
known that one of the contributors is homozygous and the other is
heterozygous at this locus. The measured allele peaks are {944,
935, 633}. Note that the peaks of the first two alleles are com-
parable with each other (with a peak ratio of 1.01:1, well within
the 0.6–1.67 range), and no peak is close to the sum of the other
two peaks. Therefore, a shared allele is not supported by the peak
data. It is evident, for this example, that the top-ranked case is
clearly the most supported resolution given the allele peak data as
indicated, because the next ranked case has a fitting residual of
more than 1000 times larger than that of the top-ranked case. The
large separation of the two-error residuals indicates that one can
be very confident that the top ranked genotype combination gives
the best-supported resolution, given the peak data. In addition, the
heterozygous peak balance ratio for alleles 5 and 6 is almost 1:1,
well within the 0.6–1.67 range indicating balanced peaks.

LSD Steps for Two-Allele Loci: Special Consideration and

Interpretation—Table 3 shows that four genotype combinations
are possible for a two-allele locus, involving one homozygous–
homozygous, two heterozygous–homozygous, and one heterozygous–
heterozygous mix, respectively.

The same mathematical procedures as those shown for a four-
allele locus are used to process the allele peak data of a two-allele
locus. Table 19 gives an example. The two allele peak heights for
this locus, {2561, 463}, are not comparable with each other (not
within the 0.6–1.67 range). Therefore, resolution given by the
fourth combination is not supported based on the given peak-
height data. The third case is automatically excluded from further
consideration because it has a negative best-fit mass proportion
ratio, which is not realistic. Without taking into consideration

TABLE 16—Example of the LSD mathematical result for a four-allele locus.�

Select Case Person 1 Person 2 Fitting Error Error Ratio Mass Ratio

D3S1358—four alleles {alleles 12 13 17 18} {peak area 471 386 1181 1029}
1 12, 13 17, 18 0.10 1.0 1.0:2.6
2 13, 18 12, 17 3.08 30 1.0:1.2
3 12, 18 13, 17 3.17 31 1.0:1.0

�The genotype combination cases are ranked according to the associated
fitting error. Note that the fitting error refers to the fitting residual (sum of
squares of the elements of the error vector); the error ratio refers to the ratio of
the fitting error of each genotype combination case to the fitting error of the
top-ranked combination case; the mass ratio refers to the ratio of the two mass
proportions given by the least-square solution.

TABLE 17—Example of the LSD mathematical result for a three-allele
locus.�

Select Case Person 1 Person 2 Fitting Error Error Ratio Mass Ratio

D7S820—three alleles {alleles 8 10 11} {peak area 723 1203 289}
1 10, 11 8, 10 0.15 1.0 1.0:2.2
2 8, 11 10, 10 1.13 7.7 1.0:1.2
3 11, 11 8, 10 1.38 9.5 1.0:6.7
4 8,11 8, 10 2.36 16 1.0:29.0
5 8, 8 10, 11 5.00 34 1.0:2.1
6 8, 11 10, 11 10.70 73 1.0:3.7

�The true profiles in the mixture sample are both heterozygous and corres-
pond to the top-ranked combination. Note that the fitting error refers to the
fitting residual (sum of squares of the elements of the error vector); the error
ratio refers to the ratio of the fitting error of each genotype combination case to
the fitting error of the top-ranked combination case; the mass ratio refers to the
ratio of the two mass proportions that are given by the least-square solution.

TABLE 18—Example of the LSD mathematical result for a second three-allele
locus.�

Select Case Person 1 Person 2 Fitting Error Error Ratio Mass Ratio

TH01—three alleles {alleles 5 6 8} {peak area 944 935 633}
1 8, 8 5, 6 1.0e� 04 1.0 1.0:3.0
2 5, 5 6, 8 0.11 1.1e103 1.0:1.7
3 6, 6 5, 8 0.12 1.2e103 1.0:1.7
4 5, 8 5, 6 0.32 3.2e103 1.0:1.7
5 6, 8 5, 6 0.34 3.4e103 1.0:1.7
6 6, 8 5, 8 1.29 1.3e104 1.0:1.0

�The true profiles in the mixture sample consist of one heterozygous and
one homozygous and correspond to the top-ranked combination. Note that the
fitting error refers to the fitting residual (sum of squares of the elements of the
error vector); the error ratio refers to the ratio of the fitting error of each gen-
otype combination case to the fitting error of the top-ranked combination case;
the mass ratio refers to the ratio of the two mass proportions that are given by
the least-square solution.
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what the LSD mathematical results are at the other loci, the first
two cases, for now, are retained to be supported resolutions con-
ditioned on the given peak data. Table 20 gives another example.
In this case, the two-allele peak heights are {2105, 2591}, at a
ratio of 0.84:1, and can be considered to be comparable with each
other (within the 0.6–1.67 range). As a result, the fourth combi-
nation cannot be ruled out for consideration as the compatible
resolution. As a matter of fact, it is a strong candidate to be the
most supported one at this point given the observed peak data in-
formation. The second case is invalid due to its negative mass
proportion ratio.

It is emphasized that review by a DNA analyst of the raw LSD
mathematical results is required in order to put together the com-

posite profile for each contributor. The analysis of a 13-loci mix-
ture sample given earlier in the paper illustrates the heuristic
guidelines the analyst would use in the review of the LSD math-
ematical results in forming a composite profile for each of the two
contributors.
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TABLE 20—LSD results for a second two-allele locus.�

Select Case Person 1 Person 2 Fitting Error Error Ratio Mass Ratio

D13S317—two alleles {alleles 12 13} {peak area 2105 2591}
1 12, 12 13, 13 0.0e100 1.0:1.2
2 12, 12 12, 13 0.0e100 1.0:� 10.7
3 13, 13 12, 13 0.0e100 1.0:8.7
4 12, 13 12, 13 2.7e� 02 1.0:1.0

�The allele peak areas of the two alleles are comparable with each other,
implying that case 4 is well supported by the given peak area data. Note that
the first three combination cases have 0 fitting error associated with them, due
to the fact that the gene matrix for each of these has two independent rows with
two unknowns; thus an exact solution exists. The mass proportion ratio for the
second case is negative, thus rendering this case infeasible.

TABLE 19—LSD results for a two-allele locus.�

Select Case Person 1 Person 2 Fitting Error Error Ratio Mass Ratio

D5S818—two alleles {alleles 12 13} {peak area 2561 463}
1 13, 13 12, 12 0.0e100 1.0:5.5
2 12, 13 12, 12 0.0e100 1.0:2.3
3 13, 13 12, 13 0.0e100 1.0:� 2.4
4 12, 13 12, 13 10.27 1.0:1.0

�The allele peak areas of the two alleles are not comparable (outside the
0.6–1.67 range), implying that case 4 is not a well-supported candidate for the
correct resolution. Note that the first three combination cases have 0 fitting
error associated with them, due to the fact that the gene matrix for each of these
has two independent rows with two unknowns; thus, an exact solution exists.
The mass proportion ratio for the third case is negative, thus rendering this case
infeasible.
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